A Microwave domain characterization technique is proposed to measure the optical properties of high quality factor optical resonators, featuring a very high precision in frequency which can be as good as 1 Hz. It aims to acquire a full knowledge of the complex transfer function (amplitude and phase) characterizing these resonators. It is shown that the amplitude response gives access to the measure of several parameters like the free spectral range and the quality factor. Moreover the phase transition at the resonance is used to define the coupling regime and to calculate the resonator parameters: transmission coefficient and intra-cavity losses.
INTRODUCTION
The ultra low losses observed in some materials at optical frequencies makes the optical domain an extremely interesting field for ultra-high quality factor resonator design. These devices are key components for numerous applications, such as ultra-high spectral purity frequency generation, both in optical [1] or microwave domains [2, 3] , high resolution optical spectroscopy and optical combs [4] , biological and chemical sensors [5] . They may be used also to characterize the optical properties of a given material, and particularly of low losses materials. In any of these cases, a precise characterization of the resonator is mandatory before system design. With quality factors (Q) in excess of 10 7 approximately, such a characterization is particularly difficult. However, there is today a strong interest in ultra-high Q factors, which are available in various technologies such as: Whispering Gallery Modes (WGM) resonators, including silica spheres [6] or polished monocrystalline disks [7] , active or passive fiber ring resonators [8] , Ultra Low Expansion (ULE) Fabry-Perot type resonators [9] .
The more classical approach to characterize this type of resonators is the optical frequency scan technique, which is performed using a tunable laser. The laser must feature a narrow enough linewidth to go through the resonance, which is not always obvious with high Q factors. A resonator with a Q factor of 2×10 9 at 1550 nm features a 3 dB bandwidth in the range of 100 kHz, and cannot be scanned with, as an example, a semiconductor laser. A more difficult problem is related to the resonator self-heating: when the optical signal is tuned at a resonance frequency, the intra-cavity power rapidly increases and the resonator is heated by this optical power. This change in temperature modifies the resonant frequency, and thus the resonance is lost again. The result is a strong dissymmetry between a scan performed with an increasing frequency and another one with a decreasing frequency. Under these conditions, the Q factor is overestimated on one side, and underestimated on the other side [10] . Therefore, to characterize ultra-high Q resonators, dedicated techniques have to be set up. The most widely used today is the cavity ring down technique [11, 12] , which is a time domain approach. It characterizes the decrease of the optical power in the resonator when the device has been submitted to an optical pulse. It is well fitted to ultra-high Q factors because the higher the Q factor, the longer the decreasing time will be and the easier the measurement will be. However, this technique requires the fitting of the results with an appropriate model to extract the resonator parameters, which are not immediately available on the raw data.
Contrarily to the last technique, the characterization approach described in this paper gives directly the resonator response in the frequency domain. It is indeed based on a technique which transfers the optical resonances down to the radio frequency spectrum, and thus allows their measurement with electrical techniques, and more precisely using a microwave Vector Network Analyser (VNA). Both the amplitude and phase of the optical resonance can be measured, with a precision in frequency which is much better than any other technique available in the optical domain. The only requirement is that the resonator must provide a comb of identical resonances featuring a Free Spectral Range (FSR) in a frequency range reachable with electronic techniques, i.e. lower than 50 GHz (approximately). This means that this technique may not be suitable for small size integrated resonators, but it is well fitted to the measurement of relatively large resonators, such as fiber rings or WGM disk resonators featuring a diameter in excess of, at least, one millimeter.
The paper is organized as follows: the measurement set-up is first described, including the key elements which determine the measurement accuracy. Then, some measurement examples performed on an active fiber ring resonator are presented and discussed.
MEASUREMENT TECHNIQUE

Measurement set-up
The measurement set-up has been described in a previous paper [13] , in which the ability of this technique to measure with high precision the amplitude response of a resonator has already been pointed out. As depicted in Figure 1 , a high spectral purity laser is firstly locked to one of the resonator resonances using a Pound Drever Hall system. Thanks to this lock process, the laser and the resonator are maintained at the same frequency during the analysis. The laser is a Koheras fiber laser, which is locked using its piezoelectric frequency control input. Once the laser is locked onto one mode of the resonator, the resonator side-modes are explored with a radio-frequency (RF) modulation which generates two lateral sidebands on the laser signal. This modulation is realized thanks to a MachZehnder (MZ) modulator, which allows an analysis from a few MHz up to 30 GHz approximately (but a 50 GHz bandwidth can be reached with some commercial devices). This device is the main device limiting the analysis frequency, and thus the FSR of the resonator under test. The VNA delivers the modulation signal to the MZ modulator, and analyses the output signal from the photodiode, both in amplitude and phase.
With this technique, the resonator may be measured in absorption mode (one coupler) or in transmission mode (two couplers). Eventually, the output used for the locking process may be different from the test port (ex: the resonator can be measured in transmission, and locked on the absorption port). Also, a fiber polarization controller can be added to the experiment just before the resonator, in order to facilitate the coupling of a given resonator mode. er pump ability of insic and
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CONCLUSION
A technique for the measurement of both the amplitude and phase frequency responses of optical resonators, based on a transposition of this response down to the RF spectrum, has been reported. This technique features an ultra-high precision in frequency, and is thus well adapted to the characterization of ultra-high Q factor resonators. The knowledge of both amplitude and phase responses allows the fitting of these data with resonator models, and thus a complete extraction of the resonator parameters is possible whatever the coupling regime.
